This paper presents plant modeling, analysis, and nonlinear control design and implementation for swingup, pendulum regulation, and arm tracking of the rotational inverted pendulum plant in Fig. 1 . For the ideal case, the equilibrium states are characterized. It is shown, for example, that the pendulum cannot be kept at a fixed angle above the horizontal except in a vertical position. The control design centers on the pendulum regulation and arm tracking controllers. A sliding mode and a variable-gain PID controllers are chosen for regulation and tracking. Due to the strong coupling of the arm and pendulum dynamics, a 2DOF control configuration was used. A simple technique was used to swing-up the pendulum to within the region of attraction of the regulation controller. Results of computer simulations and laboratory photos are presented.
1.
Introduction Underactuated mechanical systems are those possessing more degrees of freedom than actuators. They can be useful, for example, in space applications where the total weight and power requirements of a system are critical design factors. Also, reducing the number of actuators can increase system reliability by reducing the number of components.
This paper presents the analysis, design and implementation of a nonlinear controller for an inverted pendulum plant. Figure 1 presents a diagram of the plant. It consists of a pendulum hinged at the end of a horizontal link (or arm) which is directly connected to the shaft of an electric motor. This plant has one control input (the motor torque) and two degrees of freedom (the arm and pendulum rotations). The control problems considered here are the swing-up of the pendulum from the downward position and the control of the arm and pendulum to follow desired trajectories. In the ideal case, the feasible equilibrium states were also characterized. Notice that the dynamics of this plant are different than those of the inverted pendulum on a linear track due to the effect of the rotating arm.
Various studies have considered the swing-up problem, among them see Furuta et a1 [l] , Spong [2] , Mori et a1
[3], Woklund [4] . These strategy to swing the pendulum up to within a predetermined range of the upward position (e.g., bangbang state feedback; partial feedback linearization; precomputed, time optimal, bang-bang control; or a control law based on energy considerations) and then switch to a linear control law for regulation. The analyses in those studies are focused on finding swing-up controllers, and the design of a regulation controller is secondary. A regulation controller is designed with a sufficiently large region of attraction, so that a simple technique can be used to swing the pendulum up. The design procedure first focuses on analyzing the plant and designing a good regulation and tracking controller.
After this is accomplished, an intuitive control technique is used to bring the pendulum within the region of attraction of the regulation controller.
The paper is organized in the following manner. First, an ideal model of the plant is presented. This is followed by an enhanced model that more accurately matches the response of the real plant in the laboratory. The design of the controller is next. The regulation, tracking and swing-up controllers are discussed and simulation results are presented.
Finally, some details of the implementation are included and some laboratory results are presented.
The emphasis of the present paper is different.
Model of the Plant
This section presents the dynamic equations that describe the inverted pendulum plant. An ideal model is US. Government Work Not Protected by US. Copyright presented first, followed by a laboratory model which includes additional dynamics and nonlinear terms.
Ideal Model
The ideal model was derived using the Euler-Lagrange equation. For simplicity, the motor dynamics are not included in the ideal model. The ideal dynamic equations are: 
where:
Note that the a m dynamics interact with the pendulum dynamics in two ways: by direct coupling of the arm's acceleration (D ), and by the centrifugal force generated by the arm's angular speed (F). Direct coupling is the main mechanism used to control the pendulum dynamics.
Because the coupling factor D goes to zero as the pendulum approaches the horizontal position (Q -*90"), control through direct coupling when the pendulum is in this region is impossible (infinite input torque is required).
An interesting result comes from the effect of the centrifugal force acting on the pendulum, F . This force can be decomposed into two components: one acting along the length of the arm and the other acting on the same plane where the pendulum is moving (see Fig 2) . This second component tends to push the pendulum toward the horizontal position whenever the arm is moving (8 #O). For the ideal model, this implies that -
-H -A(F+G)
. A which is proportional to 8". From equations (4) and (9, the arm's angular acceleration is:
D Equation (6) can be used to determine 8. Note that F + G is not zero since both the gravitational and centrifugal forces torque the pendulum in the same direction away from the vertical position (see Fig. 2 ).
Assuming zero initial arm speed, 8 is:
Since the arm speed goes to infinity in a finite time given by:
the input torque necessary to maintain a constant pendulum position goes to infinity for 0" < < 90".
Hence, it is impossible to hold the pendulum indefinitely at a fixed position above the horizontal. Now, consider the case of trying to position the pendulum at a constant angle below the horizontal, i.e., 90" < 101 5 180". Equation (3) applies here also.
However, in this range of 0 the centrifugal force F pushes the pendulum up toward the horizontal position, while the gravitational force G pulls the pendulum down toward the vertical position. An equilibrium exists when F = -G. From (5), ' I ; = 0 when this happens.
The angular speed of the arm necessary to achieve equilibrium is given by:
The minimum angular arm speed for which equilibrium is possible is:
v ZLZ This can be called the Critical Arm Speed for ZeroTorque Pendulum Position Control. Below this arm speed an input torque is necessary to maintain a constant pendulum angle below the horizontal. This input torque becomes smaller as the arm's angular speed increases, until it reaches zero at the critical arm speed (8). From that point on the pendulum angle can be controlled by appropriate control of the arm speed 8 using (7) to map 4desired + O r q d e
Laboratory Plant Model
A model of the laboratory plant was developed starting from the ideal model. This model leads to computer simulations that more accurately match the response of the real plant, leading to better analysis and design. This model includes the motor dynamics, friction, and some hard nonlinearities. The following equations replace (1) and (2) in the laboratory model:
where Ae=A+Jm, C e = C + a A , He=+bp$, and B e = D e = B = D , & = E , F e = F , Ge-G. Here 
Controller Design
The controller chosen has two main sections: the swing-up controller, and the positioning controller. The swing-up controller does its work by continuously increasing the pendulum speed until it reaches the region of attraction of the positioning controller.
The positioning controller has the structure shown in Fig, 3 . This structure has a regulation inner-loop that uses a sliding-mode controller. Qn the outer-loop, arm control is achieved by specifying a desired pendulum trajectory. 
Dynamic Plant Model in Control Algorithm
The dynamic model used to derive the equations for the positioning controller was the same as the ideal model, but simplified to include only the most important terms.
(1 1) and (12) are the simplified plant model equations used in the control laws:
The centrifugal force acting on the pendulum was included because it helps to improve the response of the control system. Note that Td replaces 7 in this model because the controlled input is Td, not 7. Scaling factors were used to approximate the response of this simplified model to the response of the laboratory plant model in Section 2. Table 2 presents the scaling factors. where:
Pendulum Controller
The pendulum is controlled by a sliding-mode controller using the theory as presented in Slotine and Li [51, The sliding surface chosen was:
where 6= $-@des is the tracking error and @ties is the desired pendulum position. Using this sliding surface, the sliding control law is: and i% are the upper and lower bounds, respectively. To define these bounds we used the model in (1 1) with different scaling factors such that the responses of the simplified and enhanced models were contained between the bounds. Table 3 presents the scaling factors for the error bound models.
To reduce the noise effects of the simple numerical implementation of second-order derivatives, a secondorder lowpass filter was added at the input of the sliding controller to smooth out the input trajectory. Of course, several other approaches could have been used. The cutoff frequency of the lowpass filter was set at 1 Hz with a damping ratio of 0.7. The other controller parameters were set to: h -20 rads, E =1°=0.017 rad, and ' l l =l. initial arm speed is 0 rads. The plot shows the response of the pendulum when moving toward the origin. Fig. 4 defines a region of attraction of the origin, which is important when switching from the swing-up to the 1 isitioning controller. 
Arm Coneroller
The reason for adding an arm controller is because the pendulum controller by itself cannot control the arm. For example, if the desired pendulum position is 0 degrees, the result will be a drift in the arm position even after the pendulum has reached the desired position. The arm controller works by specifying a desired pendulum trajectory such that the desired arm response is achieved (see Fig. 3 ). The derivation of the arm control law follows.
First assume that (1 3) results in an exact cancellation of the nonlinear terms in the pendulum dynamics. Also, assume that the pendulum controller is capable of perfect regulation (i.e., @=O). Substituting (13) into (1 l), with W-0 and V = odes, results in:
Next, substitute (13) into (12). The result is:
Because of the effect of the lowpass filter on the pendulum controller, it is reasonable to assume that the pendulum acceleration will be small (i.e., @ = v = @des s 0 ) . So, the second term on (15) can be dropped. The result is:
Now, assume that we would like the arm controller to be a PID. The desired arm dynamics are given by:
where 8 = 8 -Odes is the arm tracking error. Combining
(1 8) and (19), the arm control law is:
The PID gains were chosen as: Ki-2.5, K24.0, and K3=0.10. Fig. 6 shows the response of the control system to steps on the desired arm position. Arm control is reasonably good and, as the figure shows, the system can follow desired arm trajectories for the full 360 degrees of the arm position. Fig. 7 shows the response to a ramp on the desired arm position. This figure better reflects the tracking accuracy of the system. Tracking is excellent during the ramp portion of the trajectory. Note that at the end of the ramp the system overshoots by approximately 20 degrees, but there are no large oscillations.
Swing-Up Control
A simple control approach to swing the pendulum from the downward position up to within the region of attraction of the positioning controller is by direct control of the arm acceleration. As mentioned in Section 2, the arm acceleration interacts with the pendulum dynamics through the coupling factor D. If it were possible to continuously increase the pendulum speed such that when it crossed the horizontal position it had sufficient speed to reach the region of attraction of the positioning controller, then swing-up would be accomplished. where TO is a constant. Because of the effect of gravity and the centrifugal force due to the arm speed (i.e., the terms in R) and also the pendulum position dependence of the coupling factor D , (20) will not necessarily result in a continuously increasing pendulum speed, but rather an oscillation with continuously increasing amplitude. This control law is a simplified version of the swing-up control law in [4] .
To use (20), it is necessary to first set the pendulum into motion by applying a small input torque and then switch to (18) to induce the position oscillation. Also,To must be chosen such that the pendulum has enough speed to reach the region of attraction of the positioning controller. Fig. 8 shows the response of the system during swingup. The initial torque for setting the pendulum into motion was arbitrarily chosen as two pulses of equal magnitude (1 N-m) and opposite polarity. The swing-up torque TO was set to 8.5 N-m. The positioning controller is activated when 1+1-45O and at first there is a large control input transient generated by the pendulum controller as it accelerates the pendulum to bring it to the upward position.
Stabilization of the arm is accomplished after the system has stabilized the pendulum position. 
Implementation
The last step was to implement the system in the laboratory, The controller was discretized using simple techniques since the main objective was to see whether the controller would actually work with a real plant. Backward differences, the right-side rule and bilinear transformations were used to implement the derivatives, integrals, and filters, respectively. Although some tuning of the controller was required, the results obtained in the laboratory were similar to those in the simulations. Fig.  9 shows a swing-up sequence as seen in the laboratory. Note that this sequence is for the same case as the simulation plots in Fig. 8 . Regulation was very good. Also, the response to steps in the desired arm position was fast, with the overshoot increasing to 30' for steps of 320".
Conclusions
This paper presents the design of a modular nonlinear controller for swing-up and positioning of an inverted pendulum plant. The control system exhibits a large range of operation in the arm and pendulum positions. This is taken advantage of by introducing a simple technique to achieve pendulum swing-up. The system can control the position of the pendulum to follow desired trajectories It also is capable of following desired trajectories in the arm position while maintaining control over the pendulum. The controller is easy to tune and test. Because of the control structure chosen, the system inherently prioritizes the control of the pendulum over the control of the arm. This means that when affected by disturbances the controller will first try to recover control over the pendulum, and then it will move the arm to desired position.
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